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SynOpsis:Recentlydiscrete-timelosslessboundedrealf皿ctionsandmatriceshave
beenreceivingagreatdealofattentioninthevariousareasofoneKlimensional(1-D)and,
N-dimensional(N-D)digitalsignalprocessing.Inthispaperanewsharpersufficient
・・nditi・nf…t・tespacerealizati・n・・f・tructu・allyst・bleN-Ddi・c・et・tim・1・ssless
bo皿dedreal(DTLBR)matricesisgiven,whichisanimprovementoftheauthofs'previ-
ouswork.Thisn6wconditioncoversmorewile"classofstructurallystableN-DDTLBR
matricescomparedwiththeauthors'previ皿scondition.Thepropertiesofminimalstate
spacerealizationsofstructurally'stable2-DfirstorderDTLBRf皿ctionsarestudiedin
detailandanecessaryandsufficientcondidonfbraminimalstatespacerealizationofa
structurallystable2-Df辻storderDTLBRfbnctionisobtained.Finallyitisshownthatboth
incasesofR㏄ssermodelandFornasini-Marchesinisecondmodelastructurallystableじ
DfirstorderDTLBRfunctioncanhavetwodistinctminimalstatespacerealizationsfor
whichnosimilaritytransformationexists.Thisfactimpliesthatminimalrealizationsofa
givenN-Dsystemcanbeclassifiedintoseveralgroupsandiftwominimalrealizationsbe-
longtodistinctgroups,theycannotbeconnectedbyaconstantsimilaritytransformation
matr1X.
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1.INTRODUCTION
Recentlyallpassfunctionsandmauiceshavebeenreceivingagreatdealofattentionin
thevariousareasofone-dimerisional(1-D)andN-dimenSional(N-D)digitalsignalpro-
cessing[1]一[7].Adiscretetimestableallpassmatrixisdefinedasa(狙scretetimelossless
boundedrea1(DTLBR)maロix[5].Thenecessalyandsuffidentcondidonsonastatespace
realizationofaDTLBRmatrixaregiveninthediscretetimelosslessboundedreal
(DTLBR)lemma[5],andseveralpr∞fscanbefbundin・theliteratu鳴[5],[8L[11].Inthe
previouspaper[12],wehavedefinedastructurallystableN-DDTLBRmatrixandex-
tended1三DDTLBRlemmatoN-Dsystems.Asaresultwehaveobtainedasufficient
conditionforthestatespacerealizationofastnlcturallystableN-DDTLBRmatrix[12,
Theorem1].Byusingthissufficientcondition,wehavederivedsomeinterestingresults
IelatedtoN-Dlatticefil;ersandMansourmatrix[12,Theorem2andCoroUaly].
Inthispaper,firstwegiveanewshalpersufficientconditionfbrastmcturallystable
N-DDTLBRmatrix,whichisanimprovedversionofourpreviousresult[12,Theorem
1].Weshowbyanumericalexamplethatthepreviousconditionistooconservativeandw.e
prove'thatthenewsufficientconditioncompletelyincludesthepreviousresult[12,
Theorem1]andcoversawiderclassofstructurallystableN-DDTLBRmatricesthanbe-
fore.Second,wediscusstherelationbetweenthestabilityofstructurallystable2-Dfirst
orderDTLBRfunctionsandtheir・generalminimalstatespacerealizations.Astructurally
stable2-DfirstorderDTLBRfunctionisamostsimplefunction'amonggeneralN-D
DTLBRmatricesandfunctionsandseveralminimalrealizationalgorithmshavebeena1-
readyestablished[13]一[14].Weshowthatthenewsufficientconditionforastructurally
stableN-DDTLBRmatricespresentedinthispapergivesanecessaryandsufficient
conditignfbraminimalstatespaceIealizationofs血lcta[rallystable2_Df廿sto】rderDTLBR
functions.Inthelastpartofthepaperwediscusstheexistenceofthesimilaritytransfbr－
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mationmatrixbetweentwodistinctmmirnalrealiZationsystemsofasrmcturallystable2-D
firStorderDTLBRfUnction.In1-Dsystemtheory,twodis血ctminimalrealizationsofthe
sametransferfunctioncanalwaysberelatedbyasimilaritytransfbmlation[18】.・Inthis
paper,byusingasimpleexampleweshow血atsimilarity廿ansfomadonisnotalways
possiblebetw㏄ntvVodistinctminimalrealizationsofastmcturallystable2-Dfirstorder
DTLBRfUnction.
Thepaperisorganizedasfbllows:InSectionnthedefinitionofanstrucn耳aUystable
N-DDTLBRmaロixisreviewedandthenewshalpersufficientcondidonfbrthestate
spacerepresentationofastructurallystableN-DDTLBRmatrix,whichwasderivedby
addngaslightmodifTicationtothepreviousresult[12,Theorem1],isgiven.㎞S㏄tionHI
thepropertiesofastructurallystable2-1)filisto】rderDTLBRscalarfUnctionandtherela-
tionsbetweenitsstabiUtyanditsminimalstatespace賠ahzationsystemaleinvestigated。In
SectionrVitisprovedthatthenewsufficientcondition'giveninSectionIIbecomesthe
necessaryandsUfficientconditionforaminimalrealizationofastructurallystable2-Dfirst
orderDTLBRfunction.InSectionVitisshownthatasロucturallystable2-Dfirstorder
D'ILBRfunctioncanhavetwOdistinctminimalrealizationsforwhichnosimilaritytrans-
fbmladonmatrixexists,inthecaseofboththeRoessermode1[15]andtheFornasini-
Marchdsinisecondmodel[16].
Notations:
TUiNisaclosedunitNdisc
,UNisaopenunitN-disc,andTNisadistinguished
boundaryofaclosedunitNＬdisc.
7UN・{(z
1,・、,…,・N)llzll≦1,1・、1≦1,…,同 ≦1}
UN={(・1,・2,…,zN)ll・11<1,1・21<1,…,lzNl<1}
州={(・1,z2,…,・N)ll・11=1,1・21=1,…,lzNI=1}
The㊥denotesthedirectsumofmatrices.Foracomplexvariablez,z*denotesthecom-
plexconjugateofz.WhenPisa爬alma垣xandHisanHemiUanma垣x,P>OandH≧0
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meanthatPisapositivedefinitesymmeUibmatrixandHisanonnegativedefinite
He】:mitiap,respectively・
II.MoDIFIcATIoNToPREvlousREsuLT
In血ssectionwereViewthedef㎞i亘onofastmctura皿ystableN-DDTLBRmanix
andgivethenewsufficientconditionfbrastatespacerealizationofastructurallystable
N-D肌BRm・Uix,whi・h・anb・b・i・edby・dding・・ligh・m輌a丘・n…hr輌 …
result[12,Theorem1].
LetH(zl・z2・… ・zN)beapxq(P≧q)mat亘xofrealrationalfUnctionsofthecomplex
variableszl,z2,…,zN.AstructurallystableN-DDTLBRmatrixisdefinedasfbllows:
Definitionlt12],
H(z1・z2・… ・zN)isastructurallystableN-DDTLBRmatrixifthefbllowingcondi-
tionshold.
i)H(z1,z2,…,zN)isanalyticin口N
ii)1-H(**ホZ1,Z2・'",ZN)1「ll{(z1,'z2,…,zN)≧OintアN
iii)1-H(zi1,41,…,zNl)TH(z1,z2,…,zN)=O
ReMark'
Intheabovedefini直onifweremovethecondi口oni)or鵬placeUNwithUNonlyinthe
condition'i),thenH(z1・z2・… ・zN)becomesagenera1(notnecessarysmlcturallystable)
N-DDTLBRmatrix.Inthatcasebo皿ded-inputbounded-output(BIBO)stabilityof
H(・1・… … ・・N)d・e・n…lw・y・h・ld,・inceH(・1,・・,一,・N)m・y ,h・6P・1…nTN.
Throughoutthispaperwediscussonlys仕ucturallystableN-DDTLBRmatrices.
A・a・t・t・pacerep・e・ent・ti・n・f餌N-Dtran・fe・血 。、d。nH(z1,・2∴・・,・N),w,。,e
thefbllowinggeneralizedRoessermodel[15]:
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x1(il+1,i2,…,iN)
X2(i1,i2+1,…,iN)
XN(i1,i2,…,iN+1)
y(il,i2,…,iN)=C
=A
x1(i1,i2
×2(i1,i2
XN(i1,i2
X1(i1,i2,'",iN)
X2(il,i2,…,iN)
XN(il,i2,…,iN)
…,iN)
…,iN)
… ,iN)
+Bu(i1,i2,一 ・,iN)
+Du(i1,i2,…,iN)
(1)
wherexi(i1,i2,…,iN)∈Rni,i=1,2,…,Nrepresentsthestate,u(i1,i2,…,iN)
∈Rqistheinput,y(i1,i2,…,iN)∈RpistheoutPut,A∈Rnxn,B∈Rnxq,C∈Rp×n,N
D∈Rp×q,and・n=Σn、.Therel・d・nb・tw㏄nEq.(1)・ndH(・1,・2,…,・N)i・giv・nbyi=1
H(。1,、2,...,。N)・D・C[A-1-A]-1B・D・CA【1-AA]-1B(2)
where
A・[・III㊥・、1、㊥… ㊥・NI司..(3)
andIiisaunitmatrixoforderni.Inthepreviouspaper[12]wehavegivenasufficient
conditionfbrH(z1,z2,…,zN)inEq.(2)tobeastmcturallystableN-DDTLBRmatrixin
temsof〔A,B,C,D}asfbllows:
μ2,Theorem11ご
H(z1,z2,…・,zN)inEq.(2)isastructurallystableN-DDTLBRmatrixif
・)一 周 一・(fullrank)f・・an…mplexnumbers…1≦i・N
b)ThereexistsapOsitivedefiniteblockdiagonalmatrix
P・[pl㊥P、㊥ … ㊥P。]・0、u、hth、,
wherePi∈Rni×ni.
ATPA+cTc=P
BTPB+DTD=I
ATPB+cTD=0
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Intheabovetheorem,theconditiona)meansthatthemaロixI-AAandCAisright
zerocoprime【21].Afterthepublicadonof[12]wefbundanexampleofaminimalreahza-
tionofastructurallystable2-1)firstorderDTLBRfunctionwhichdoesnotsatisfythe
aboveconditiona).Theexistenceofsuchanexampleimpliesthattheconditiona)isnota
necessaryconditionforminimalrealizations'ofstructura皿ystableN-DDTLBRmatrices.
Example;
LetusconsiderthefolloWing2-Dfirstordertransferfunction
H(Zl…)一舞1還 ・・
Wecahea・ily・heckthattheab・・eH(zl,・2)i・al1-pass・・d・nalyti・i・TU'2(・eeEq.(15),
(16)inSec.HI)[19][20].HenceH(zl,z2)isastmctuTallystable2-DfirstorderDTLBR
負mction.Applyingtheminimalrealizationalgorithrnin[13]totheaboveH(z1,z2),wecan
obtainthefolloWingminimalrealizationsystem.
[麗;]・A[ご1:1;]・b・(i'j)
・(i'j)・・[ご1:;;]・d・(i'j)
where'
A=
?
??
1
?
?
?
?
?
?
b=
?
?
、
? …[
?
??? ;}d・ξ
Nowletuschecktleconditiona).Thenwehave
－・周 …
一ξZi
1・}・1
-Zl
9・2
ξ・・
1・ξ・・
・・tf・ll・ank・・(Zl…)・(・ 麦・-2)
fullrankatotherwise
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whereA=[zl㊥z2]Thisresultshowsthataminimarealizationofastmcturallys'table2-D・
firstorderDTLBRfunctiondoesnotnecessa亘1ysatisfytheaboveconditiona)in[12,
Theorem1】.Namelyitcanbeconcludedthatheabovecondidona)istooconservative
andisnotanecessaエycondition.Thereforeintheaboveconditiona)thereisaroomforan
improvement,and也eimprovedversionisgivenbelow.
Th・・rem1伽pr…d…si・ ・1・
H(zl,z2,…,2N)inEq.(2)isastructurallystableN-11)DTLBRmaロiXif
・)融 同 一・(血11　)・nT・・ ,(・)
b)ThereeXistsapOsitivedefiniteblockdiagonalmatrix
P・[Pl㊥P、㊥ … ㊥P。]・0
suchthat
ATPA+cTc=p'(5a)
BTpB+DTD=11(5b)
ATPB+cTD=0・(5c)
ThemajordifferencebetweenthepreviousTheoremlandtheimprovedversionisthat
themodifiednewconditiona)inTheoremldemandsthatthema口元xI-AAandCA
mustbξrightzerocoprimeonlyonTiN,butthepreviousonedemandsonwholeN-D
complexspace.SinceTN⊂UN⊂N-DcomplexspaceandTNistheboundaryofUN,the
∫estrictiontothenewsufficientconditionisgreatlyrelaxed,andcoveringthemorewide
classofsttucturallystableN-DDTLBRmatricesthantheprevioussufficientconditionin
[12].Notethattheconditionb)Iemainsunchanged.Clearlytheimprovedversioninvolves
th・pre・i・u・Th…em1[12]・inceTN⊂ぴ ⊂N=P・ ・mpl・x・pace.Th・p・∞f・f也 ・im-
provedTheorem.1isasfbllows:
ProofOfTheorem1ごへ
Let,Abethemaロixand叉bethevectorsuchthat
[1.AX]2。。(6)
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where パ
A・[2111㊥2、1、㊥ … ㊥ 副(7)パ
InA,2i,i=1,2,…,NareN-DeigenvaluesofAand父isanN-Deigenv㏄torofA.
TThenitfollowsfromEq.(4)andEq.(5a)inthecondidonb)inTheoremlthat
fx・・T[・-XT,X]2.T・[(1.1211・)P1㊥(1.1乏1・),、㊥_㊥(1.1釦1・),N]2
..鍍 ・三町C・c楡 ≦0(8)
where
P・[Pl㊥P、㊥ … ㊥P。]・0
BythewayitfbUows丘omtheconditiona)inTheorepalthat
[1剥父・[cr]…nTN
HencetherightsideofEq.(8)isstrictlynegativeon'IN.Ontheotherhandtheleftsideof
Eq.(8)iszeroonTN,whichisacontra(Uction.Thismeansthatatleastoneoftheeigen-
・砿ues2i,i=1,2,…,N,say2k,mustsatis旬12kl≠1,・nd・ince也・亘ght・id・ fEq.へ
(8)isnonpositive,zkmustsatisfy惨kl>1.Hencewehave
d・・[1-M]・Oi・ ・uN(9)
where
A-[・111㊥ ・21、㊥ … ㊥ ・NI司.
Eq.(9)combinedwithEq.(2)impliestlieconditioni)inDefinition1.Oncethec ditioni)
inDefinitionlhasbeenderived,theremainingcondidonii)andiii)inDefinitionlcanbe
easilyderivedfromEq.(9)andtheconditionb)inTheOremlasfollows.Itffollowsfrom
theconditionb)inTheoremland(9)that
I-H(・;,・5,…,・llr)TH(・1,・2,…,・N)
・1-{DT+B・[1.A*AT]-1A*CT}{D.CAロ.醐 一1B}
-B・ 【・-A*AT]-1{(1.lzll・)pl㊥(1.1。、1・)P、㊥_㊥(1-1、Nl・)P。}[1.AA]-1B
≧0,inUN.(10)
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Againfアomtheconditionb)
1-H(一1-1-1Z1,Z2,・",ZI寸)TH(z1,・2,…,・N)
-B・[1-A-1AT]-1{(1-・i・ii)P1㊥(1-・、ち1)・,㊥ … ㊥(1-・N・Ni)・。}[1-AA]-1B
=0(11)
Clearly(10)and(11)implytheCondition(ii)and(iii)inDefinitionl,respectively.
TherefbreH(z1,z2,…,zN)inEq.(2)isastucturallystableN-DDTLBRmatrixifthe
conditiona)andb)inTheoremlofimprovedversionhold.
Remark:
Somereadersmayclaimthat"FromthetheoreticalpOintofview,thenewTheoreml
iscertainlygivingsharperconditionsthan[Theorem1,12]..However,theconditiona)of
thenewTheoremlisbecomingmoredifficulttotestthanbefore!'.Theseclaimsarecorrect
tohigherdimensional(morethan3-D)・systems.Butifwelimitthediscussionto2-D
case,anefficientalgorithmtotestournewconditiona)isrecentlygivenbyP.Agathoklis,
E.」.Jury,andMMansour[23].ThereforeournewTheoremlispracticallymeaningful
asfarasdiscussionislimitedto2-Dcase.
III.PRopERTYoF2-DFIRsTORDERDTLBRFuNcTIoNs
Inthissection、wediscusssomeproperdesofstructurallystable2-DfirstorderDTLBR
functionsanditsminimalstatespacerealizationSaspreparationforthenextsection.
A・P仰 θr'iesげDε η励inatorげ ∫∫rμc伽α1砂S励1ε2rDF匡r∫'Or4er
1)TLBRFunc'匡oπ
Letusconsiderthefbllowing2レ.Dfrrstordertransferfunction
H(z1,。、).・ ・+・ ・z2・+a1・1+・1・・ 。zlz・B(石1・写1),
1十alz2十a2z1十a3zlz2B(z1,z2)
where'
(12)
155
明治大学科学技術研 究所紀要29(IO):1990
B(z1,z2)=1+alz2+a2z1+a3zlz2(13)
anすai,i=1,2,3{ロeIeal.FromDefinidonlweob田inthefbllowinglemma:
Le〃,1〃la1こ
H(zl,z2)inEq.(12)isastructurallystable2-DfirstorderDTLBRfUnctionifand
only正B(zl,z2)inEq.(13)satisfiesB(z1,z2)≠OinU2.
ProOf:
IfH(z1・z2)inEq・(12)isastructurallyst4ble2-DfirstorderDTLBRfunction
B(・1,・)aPd・・z・B(zi',ち1)ar・鵬1・d・・lyp亘m・,・血 ・rwi・eH(・1…)bec・m・・1-D丘 …
・・d・fun・ti・n・・c・n・伽t.Henceitf・ll・w・伽mD・fi・iti・nlth・tB(・1・.・)≠Oi・[2r.
C・nv・r・elyifB(z1,・2)≠Oin'U'2thecg・伽 ・・i)孤dii)inD・丘・i丘・hlh・ldimmedi・t・ly.
ThenfromthemaXimumprincipleweobtain
・.H(*■Z1・Z2)TH(。1,。2)≧0(14)
whichimpliesthecondidonii)inDefinition1.HenceH(zl,z2)inEq.(12)isastructurally
stable2-DfirstorderDTLBRfunction.Regardingthecoefficientsai,i=1,2,30f
B(z1,z2),thefbllowingPropertiesarewell
known、
Lε〃z〃1α2tl9]t20J:9『
B(zi,z2)≠OinU2ifandonly正
1・1・1・轟 ・1・・ndli三?1・1('5)
orequivalently
l・1・1・鵠>1・and1± 三tl・1(16)
Proof:
Fortheproof,seeHuang[19]andAnderson,Jury[20]
Fromtheinequalities(15)and(16)wecaneasilyobt.ainthefollowingrelations:
Iail<1,i=1,2,3(17a)
1+・2k-a?一・k>21・ ・-alaml(17b)
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1-a子 －a菱－a9+2ala2a3=(1+eq2-a?-aft)-2ak(ak-alarn)>0(17c)
where
{ak,ai,am}={al,a2,a3},k≠1,1≠m,m≠k(17d)
Therelation(17b)isusedtoderivearealcoefficientminimalrealizationofastnicturally
stable2-DfirstorderDTLBRfUnctionin[13】一【14].
β.GeneralFbrmof〃ini〃zalRealizationの「2一〇FirstOr4θr
1)1フ乙β」RFunction
ThemostgeneralformofaminimalrealizationofH(zl,z2)inEq.(12)isgivenby
[ご:1撒i;]・[二割 ご:1:1:]・團 ・(i'j)(18)
・(輻j)・[・5ts][lll:;;]・a3・(i'j)
In(18)notethatthecoefficientsai・i』1,2・3necessarilytaketheaboveplacesfbrany
minimalrealiza直onofH(z1,z2)inEq.(12).Thevaluesofti(1≦i≦6)aredeteminedso
・h・tth・血 ・・fe・f・n・d・n・fEq.(18)・・i・ id・withH(・i,z21i・Eq:(12)。ndar。n。・
unique.'lherelationbetweenEq.(12)and(18)b㏄omes
-…+[・5・6]{[z'∵一[閻}'[:]
一・・+[・5・6][zlz、]{[11]一[二ll二11][z'z、]}-1[:1
.d・・[欝1霞 ・引.、,+。__
…[1隠z11顯1+alz2+a・z1+a・zlz2
Comparingthedenominatorandthenumeratoroftheaboveexpression,wehave
tlt2=ala2-a3(19a)
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t4t6=a2-ala3(19b)
t3t5=a1-a2a3(19c)
t山t5+t2t3t6=一(1-・子一 ・12-a;+2ala2a3)(19d)
Eqs.(19)arethenonlinearequationsofti,1≦i≦6andtheycannotbeeasilysolved.But
theminimalrealizationalgorithmforstructura皿ystable2-DfrrstorderDTLBRfunctionsin
[13]and[14]indinectlyguarant㏄sthattherealwaysexisttheτealsolutionstifbr(19)ifai,
1≦i≦3sa直sfytherelationsin(17).
IV.NECESSARYANDSuFFIclENTCoNDITIoNsFoR2-DFIRsTORDER
DTLBRFuNcTloNs
Inthissectionweshowthattheconditioha)andb)inTheoremlinSectionIIarethe
necessaryconditionfbraminimalrealizationofastructurallystable2-Dfirstorder
DTLBRfUnc直on.Thismeansthatfbr2-Dfirstorderfhnctionstheconditiona)andb)in
Theolemlgivethenecessaryandsufficientcondi直onfbrtheDTLBRproperty.
Theore〃z2こ'
Let{A,b,c,d},whereA∈R2×2,b∈R2,c∈R1×2,andd∈Rdenoteaminimal
realizationofa2-Dfirsto1「dertransferfunctionH(zl,z2).ThenH(zl,z2)isastructurally
stable2-DfirstorderDTLBRfunctionifandonlyif〔A,b,c,d}satisfiestheconditiona)
andb)ihTheort∋m1.Namely
・)rank周 ・2(fullrank)i・T・(・ ・)
wh,reA・[z1㊥ ・、]
b)・th・・eexi・・sa2・2P・・itived・fmi・直・g・alm・ぬP・[Pll㊥P22]・0・u・h也・・
ATPA+cTc=P(21a)
bTPb+d2=1・(21b)
ATPb+cTd=0(21c)
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.ProOfNece∬ご⑲ ご
AswehavediscussedinSectionHIaminimalrealization{A,b,c,d}ofastructuraUy
stable2-DfirstorderDTLBRfUnctionH(z1,z2)inEq.(12)isgivenby
A・[二2二ll]・b・[:]…[t5・6]・d…(22)
whereai,1≦i≦3andti,1≦i≦6satisfytheinequalities(17)andEq.(19),respectively。
Sinced・t[1.M]・B(zl,。2)≠Oi。tU2andT・⊂t戸thec。nditi。n、)i・th,。rem2imm,.
屯atelyholds.Nextequatingthecomplexvariableszlandz2asz1=z2=z-1,then{A,b,
c,d}in(22)canberegardedasaminimalrealizationofa1-DsecondorderDTLBRfunc・
tion.Thenthe1-DDTLBRlemma[5]guarqnteesthatthereexistsaunique2×2positive
definitesymmetricmatrixPsatisfyingEqs.(21),wherePmaynotnecessarilybea(五ago-
nalmatrix.Ontheotherhand,sinceAisstableand(c,A)isobservableintheonedimen-
sionalsense,the1-DLyapunovstabilitytheoremguaranteesthatregardlessofEq.(21b)
'
andEq.(21c),thesolutionPtothematrixLyapunovequation(21a)isuniqueandpositive
definite.FromtheseobservationwecanconcludethatthepositivedefinitematrixPfor
threeequationsin(21)isgivenbythepositivedefinitesolutionPfbrEq.(21a)andthe
matrixPforEqs.(21)becomesadiagonalrnatrixifandonlyifthesolutionPtoEq.(21a)コ
isdiagonal.Therefbreinordertoshowtheremainingconditionb),itwillsufficetoshow
thatthesolutionPＬforEq.(21a)becomesapositivediagonalmatrix.Nowsubstituting
P・[P11㊥P22],A,a・d・i・(22)i・t・(21。)andarr・ngi。gth。re、ul・、。・。q。a・i。nwi・hre-
specttopIlandp22,wehave
F閲 ・9(23)
where・
F=
1一日3一 弓
－e,1-a子
a2tlalt2
∈R3×3,9=
弓
偏
t5t6
∈…R3 (24)
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TheproofwillcompleteifwecanshowthatEq.(23)hasauniquesolution;i.e.,
rankF=rank[F司=2(25)
Applying(19a)and(17c)tothedeterininantofthesubmaUixcompOsedofthefirstandthe
second】rowofFin(24),wehave
d・[三態]・ 一 －a9・2ala・a…
Hence
rankF=2『(26)
Ontheotherhan(Litfollowsf『om(19)that
det[Fg]=det
=儂
1一弓
一日
a2t1
一音
a2tl
?
?
?
?
?
?
?
?
?
?
?
?
?
1-a子
alt2
一6
1-・12一 弓
a2t1 .alt2
－tst6
?
?
???
?
?
?
」「
=P,(-a2+ala3)t1一竜(a1-a2・3)t2-t5t6(1-・1-・?2-・]+2ala2a3)
一 －estat6tl－竜t3t5t2-t5t6(-tl匂t5-t2t3t6)
=0(27)
Itfollows丘om(26)and(27)that
rankF=rank[Fg]=2
whichimpliesthatEq.(21a)hasauniquediagonalsolutionP.ThereforeEqs.(21)also
haveauniquepositivede且nitediagonalmatrixsolutionP.ThepositivedefinitenessofP
followsf士om1-DDTLBRlemma.Hencetheconditionb)inTheorem2holdsandthe
proofofnecessityiscompleted.
s吻 「ficiency:
∬theconditiona)andb)inTheo民m2hold,itfbllows丘omTheoremlthatH(z1,z2)
satisfiestheconditioni),ii),andiii)inDefinitionlwithN=2。TherefbreH(z1・z2)isa2-
DfirstorderDTLBRfuncdon.
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Itfollowsfromthediscussioninthepπ)ofofTheorem2thatifH(z1,z2)inEq.(12)is
a.stmcturallystable2-DfrstorderDTLBRfunctionthepositivediagonalelementspn
andp220fPinThe6rem2canbedeterminedfごomthefrrsttworowsofEq.(23),i.e.,
simplecalculationgives
P11。(1-al)es・e・e・、〉 。(28・)△
P22。(1一嚇 ・ee.。(28b)
△
where
△ ・1.。}一 、1.、}・2ala、・,>0(29)
Applyingtheargumentin[5]toThe6rem2,wecanobtainasocalledenergybalanced
realizationofasructurallystable2-DfirstorderDTLBRfunction.Asinthecaseofits1-
Dcountelpart【4][5][8]wecanexpectthat'thisrealizationhassomeexcellentproperties
withIesp㏄ttocoefficientsensi亘vityandroundofferror.
V.MINIMALREALIzATIoNSYsTEMsANDSIMILARITYTRANsFoRMATIoN
MATRICES
In・1-Dsystemtheory,aminimalrealizationofatransferfunctioncanalwaysbe
generated加mano也erminimalrgaliza直onbysimilarirytransformation[18].Itisinterest-
ingtoinvestigatewhetherthesamesituationoccursinN-Dsystems.Inthissectionwe
showthatsimilaritytransfbmlationisnotalwayspossiblebetweentwodistinctminimal
realizationsystemsofastructurallystable2-DfirstorderDTLBRfunction.
A.2-DRoesser～lfodelCase'
Letusconsiderthefbllowing2-DfirstordertransferDTLBRfunction:
H(zl,・、)一 △ ・ △2・・+S・1+zlz・
1十 △z2十 △Zl十 △zlz2
(30)
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ByusingEq.(15)and(16)itiseasilych㏄kedthatH(z1,z2)isa11-passandanaly6conU2
ifa。d・nlyifl△1<1[19]【20],・nd・bl・t。reali・ewithZ-D1・tticefilt。・[ 2].H・nce
H(zl,z2)isas仕ucturallystable2-DfkstorderDTLBRfunction.Applyingtheresultin
[12]with△1=△2=△toEq.(30),weobtainthefollowingtwodistinctminimalrealization
systemsof(30).Theoneis
[㌻:]-A「ll:::1;]・b・(i'j)(31)
・(i'j)一・[ご:1:]il]・d・(i'j)'
where
A-Lf1二:21b・[l/・ ・[1-△・ ・]・d・△(32)
ThecorrespondingpositivedefinitediagohalmatrixPsatisfyingtheconditionb)in
Theorem2fdrthiscaseisgivenby[12]
P・[(1-△2)(1.△、)、]・
Anotherminimalrealizationis
[蕊]一 五[:1:::ll]・6u(i'j)(33)
・(i'j)一ε[ζ1:;;]・a・(i'j)
where
7-A・[ご 、::同 ㌔ △2}εぷ ・[△1/a・d・△(34)り
ThecorrespondingpositivedefinitediagonalmatrixPsatisfyingtheconditionb)in
Theorem2forthiscaseisgivenby[28]
ふ
P=P-1=
1
(1_△2)
1 >0
(1_△2)2
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Sincewearenowconside血gaR㏄ssermode1,ifthesimilaritytransformationmat血,ロ エリ バ
sayT,existsbetw㏄n{A,b,c,d}in(32)and{A,b,6,d}in(34)Tmustbeadiagonal
matrix[15]andmustsatisfy ぽ り
T-1AT=A,T-lb=b,cT=6(35)
HowevertheonlymatrixTsatisfying(35)isgivenby
△
(1.△う
T=
⊥
(1_△2)
1
(1_△2)
_△
(1一め
(36)
andTisnotdiagonal.HenceinthecaseofaRoessermodelwecannotsaythataminimaI
realizationofa2-Df辻storderDTLBRfunctioncan泣waysbegenerate(IfTomanother
minimalrealizationby'usingasimilaritytym.sfo mationmatrix.
β.2-1)Fornasini-一ルlarchesin輌Sεεoηば ルfo4θ∫Cα ∫ε
NextletusconsidertheFomasini-Marchesini(FM)secondmodel[16]whichhasbeen
regardedasthemostgeneral2-Dstatespacemodeluptodate.Itisknownthatevery2-D
RoessermOdelcanbeembeddedintothe2-DFMsecondmOdelofthCsameorderasfol:
lows:[16].
Givena2-DR㏄ssermode1
[1烈 ・[欲 求1:1:;;]・[:;1]・(i'j)(37)
・(輻j)一[d1C・][ごll:;;]・D・(ちj)
Then'thecorresponding2-DFMSecondmodel,inwhichtheabovemodelisembedded,
b㏄omes[16]
[ごlll:1;ll]・[㌔1㌔・] ご:::ll};]・[Bδ1]・(ちj・1)
・[A9,A9、][le:lll:;:]・[Bl1]・(・・1・j)(38)
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・(・・j)一[CIC・][ごll:ll]・Dd・(i'j)
Emb・・皿 ・g(32)・d(34)int・FM・㏄ ・ndm・d・1・w・9・n・btai・tw・・liff・・entmi・imal
realizationsforH(zl,z2)in(27).Theonewhichcanbederivedfrom(32)is
x(i+1,j+1)=Alx(i,j+1)+blu(i,j+1)+A2x(i+1,j)+b2u(i+1,j)
y(i,j)=cx(i,j)+du(i,j)
where
A1-[一:2司b1-[1]
A・-L:
.1卜[1}・ 一[1-△・ ・}・・△
Anotherwhichcanbederivedfrom(34)is
ひ ひ　 エ リ
ff(i+1,j+1)=Alff(i,j+1)+blu(i,j+1)+A2ffi(i+1,j)+b2u(i+1,j)
　 の
y(i,j)=cx(i,j)+du(i,」)
where
K,一[-82一剖1∵2]
λ・一[∴ 、 -1卜[;}ε ・[△1}a・d-△
(39)
(40)
(41)
(42)
InthecaseofthesecondFMmodel,thesimila【itytransformationmatrixisallowedtobea
generalnonsingularmatriX[16].IfthereexistsasimilaritytransformationmaUixTbetween
(40)and(42)Tmustsatisfy
r1AiT=Ai,T-IA2T=λ2,rlbl=6,,rib2=52,cT=6(43)け
HowevertheredoesnotexistamatrixTsatisfying(43).InparticularT-1b2=b2isclearlyけ
impossibleb㏄auseb2isanonzerovectorbutb2isazepovector.Fromthisfactwearrive
atthefollowingconclu5ion:eveninthecaseofasecondFMmodelitisnotalwayspossi-
bletogenerateaminimalrealizationofagivenstucturallystable2-DfirstorderDTLBR
functionfromanotherminimalrealization.Frr)mtheresultofthissectionitcanbesaidthat
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ingeneralminimalrealizationsystemsforamultidimensionaltransferftmctionmaybe
classifiedintoseveralgroupsandiftwomi血nalrealiZationsbelongingtodisdnctgroupsa
similaritytransfbrmationmatriXwhichco皿㏄tsthemdoesnotexist.Thisfactshouldbe
consideredcarefUllyin(lesigning2-DdigitalfltersWithminimumroundoffnoise,b㏄ause
moretlantwodifferentoptimalfiltersmayexist,forwhichnosimilaritytransformation
ma血 ㏄sexlst.
C.Intern昭diateRεα〃zα'fon∫ρゾ2-DTransferFunct匡oπ ルtatricesαπ4
∫加 諏r吻Transfor〃lationbツRε α∫Rα ガ0πα1F朋C'輌0πMatrices
TheaimofthisparagraphistotrytoexplainwhythetwoRoessermodelrea五za直ons
(32)and(34)cannotbeconnectedbyablockdiagonalsimilaritytransforrnationmaロix.So
far,wehaveconsideredonlyconstantsimilaritytransformationmatrix.IndlefbUowingwe
considertheintemediaterealizaUonsofagiven2-Dtransferfunctionmatrixanddiscuss
thesimilaritytransforrnationbyrealrationalfUnctionmanices.LetH(z1,z2)bethetransfer
functionmatrixof2-DRoessermodelinEq.(37).ThenH(z1,z2)canbeπewri任enas
H(・1,・、)・D・[CIC,][['''"S、1
、1一ぽ|r1[1〕(、 、)
・
.=M22(・ ・)・M21(・2)[zl'li-M11(・・)]-1M12(・2)
wherethequadruple{M11(z2),M12(z2),M21(z2),M22(z2)}isgivenby
M(・)・[離;蹴;]
一{告1剖 ・閲[ぢ12-A22]-1[A21B・]
一[駕1宅]・[蟹:][4112-T2-1A22T・]-1[T・-1A21T・-1B・]
(45)
wh・・eT・i・an征bi輌 ・・n・i・g・1眠…tan・simil・甘口 … 飴rm・d・nm・ ・亘・・Si・ce
{M11(・2),Ml2(z2),M21(z2),M22(・2)}canb,。i。w,d、1、ni。t。㎝,由 。t。,eali。ad。n。f
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H(・1・・2)withre・Pectt・th・・nev・ i・blez・,wecan・…i・iC・th・f・ll・wi・g・imil・・i甲 ㎜s－ニ
fbtmationofM(z2)toM(z2),
⇒ 豊ll蕊:::1]・[T(z2)1,]'1M(・・)[T(z2)1、]
一「T(z三蕊(z2)T(z三1(;;(z・)](46)
whereT(z2)isanarbitraryinveniblerealrationalfunctionmatrixofcomplexvariablez2.
Clea・1y{ilZ11(・、),M12(・2),M2i(・、),M22(・2)}i,an。、h,,i。,,,m。di。,。,eali。a,i。。 。f
H(z1・z2)withrespecttotheonevariablezi.NowletusassumeherethatT(z2)in(46)isa
nonsingularconstantmatrix,sayT(z2)=Tl.Thenitfollowsf士om(45)and(46)that
M(・2)一[TII
,]-1M(・2)[T'lt,]
一[T1蕊TIT1剖
・[T1霊T2][・lilI2-T・-IA2・T・]・1[T、-1A
21TIT、-1B、](、,)
ThenthecorTespOndingrealizationbyRoessermodelofH(z1,z2)is
H(z1,z2)
－D・[一]「[㌔1、1-[惣1
-D・[CIC、]T[[z了III
411、]-T」[謬;]Tr
whereTisanonsingularblockdiagonalmatrixgivenby
T・[TIT
、]
Tf1A12T、
Ti1A22T、
T-'(:1
川園
](48)
(49)
TherightsideofEq.(48)showsthewellknownsimilaritytransfotmationfor2-D
Roessermodelbyaconstantblockdiagonalmatrix.Fromtheaboveresultweobtainthe
followingtheorem:
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.
Theorem3ご.
.Iftwo口1temlediatereaUzationsarerelatedbyEq.(46)andT(z2)isaconst孤tnonsin-
gularma由x,dlen血erealwaysexistsablockdiagonalsimilariり・仕ansfbmadonma垣xT
betweenthecorrespondingtwofinalrealizationsbyR㏄ssermodel.Theconverseisalso
mle.
Proof:
TheproofofthefirststatementisobviousfromtheprocessofthederivationofEq.
(48)丘omEq.(44).ThesecondstatementisalsoimmediatebybacktrackingfromEq.(48)
to(44).
NowletusapplytheabovetheoremtotheminimalrealizationsinEq.(32)and(34).
Rememberthatthesetwominimalrealizationsystems(32)and(34),describedbyRoesser
model,havethesame2-DtransferfunctionH(z1,z2)in(30),yetthereisnoblockdiago-
nalsimi11垣ty仕ansformationmatrixTwhichconnectSeachother.Itfbllows丘om(32)and
・(45)thatanintermediateIealizationfbrH(z1,z2)in(30)isgivenby
M(・2)・「蹴; 2調1・
△(△+z2)
1+△z2
1_△2
巴
1+△z2
△
(50)
Similarly,from(34)and(45)wecanobtainanotherintermediaterealizationforH(zl,z2)
in(30)asfbllows.
⇒ 霊::1:::;]・
△(△+z2)
1+△z2
△+Z2
1+△z2
1_△2
△
(51)　
WenoteherethatM(z2)in(50)andM(z2)in(51)haveidenticaldiagonalelements,but
nondiagonalelementsaredifferent.From(50)and(51)wehave
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de・M(・・)《 ・ab・一鶴(52)
whi・himph・ 也atth・M・Mill飢d・9ree・・fM(・、)i・(50)andM(・、)i・(51)areeq・・h・　
one.Nowwech㏄kwkethertheabovetwomatricesM(z2)in(50)andM(z2)aresimilar
ornotinthesenseofEq.(46).Substitutionof(50)and(51)into(46)gives
T(・・)一
(1.蒜2+。;)・(53)　
HencetheintermediaterealizationsM(z2)andM(z2)for(32)and(34)aresimilarinthe
senseof(46),butthesimilaritytransfbmlationmatdxT(z2)isnotaconstantmatrix.This
isthereasonthattherealiza丘on(32)and(34)couldnotbeconnectedbyaconstantblock
diagonalsim且aritytransfbrmationmatrix.
VI.CoNcLusloNANDDIscussIoN
h1吐Uspaper,flrstwehavegivenanewsharpersufficientconditionforastatespace
realizationofastructurallystableN-DDTLBRmatrixasTheorem1.Thisnewcondidon
wasobtainedbyaddingaslightm(x五ficationtotheconditiona)in[12,Theorem1].The
m(xlifiednewcondidona)inTheoremldemandsthatthema仕ixI-AAandCAmustbe
right2erocoprimeonlyonTiN.SinceTN⊂7UN⊂N-DcomplexspaceandTNisthe
b・un卿 ・ft声,th・re・Ui・d・nt・thenew・u伍cient・・頑d ・isgn・tly・elax・d,and・・v-
eringthemorewideclassofstructurallystableN-DDTLBRmatricesthantheprevious
sufficientconditionin[12].Secondwehavediscussedthepropeniesofminimalstate
spacerealizationsofsロucturallystable2-Df廿storderDTLBRfunctions.Basedonthis
discussionwehaveprovedTheorem2;i.e.,thenewsufficientcondidoninTheoreml
withN=2becomesthenecessaryandsufficientconditionfbrminimalstatespacerealiza-
tionsofstructumllystable2-Df趾storderDTLBRfunctions.Appl)6ngtheargumentin[5]
toTheorem2,wecaneasilyobtainanenergybalancedrealizationofastructurally,stable2一
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DfirstorderDTLBRfuncdon.Finallywehaveshownbyusingasimpleexamplethat
bothinthecaseoftheRoessermodelandtheFomasini-Marchesinis㏄ondmodel,two
distinct.min血nalreahzationsofastructurallystable2-Df欽st(頂1erDTLBRfUnctioncannot
alwaysberelatedbysimila亘tytransfbrmation.Thisfactcanbeexplainedbyintroducing
inteme(五atereali加onsfbr2-Dsystemsandsimilarity甘ansformationbyrealrational
functionmatrices.FromthisiesultitcanbesaidthatminimalrealizationsforagivenN-D
systemcanbeclassifiedintoseveralgroups,andthetwominimalrealizationswhichbelong
todistinctgroupscannotbeconnectedbyaconstantsimilaritytransfbmationmatrix.
Therefore,indesignof2-DstatespacedigitalfUterswithminimumroundoffnoise[25]「
[27],inpracUcewehavetoconsidertheminima1鵬alizationofagiven2-Dtransferfunc-
tionofeachdistinctgroup.Howeveratpresent,itisdifficulttofindoutthewholegroups
ofminimalrealizationsofagiven2-Dtransferfunction.Forfurtherdiscussiontothis
problem,adeeperstudyisneededonintermediaterealitationsofN-Dsystems.
Finally,werefertotheproblemofwhetherornotthecondition.a)andb)inTheoreml
arethenecessaryconditionsforaminimalrealizationofastucturallystableN-DDTLBR
matrix.Atpresentnoaffirmativesolutionandnonegativesolutiontothisproblemhasbeen
obtained.Recently,Kummertdevelopedaminimalrealizationalgorithmfbrgenera12-D
squarepTLBRmatrix[22].Usingtheresultof[24],wecanprovethathisfinalfbmof
minimalrealizationswithR㏄ssermodelsatisfythecondidonb)inTheoremlofthispa-
per,whichshallbepresehtedinanotheroccasion.
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